QI 04, Seminar 8

o Implementing the Toffoli gate.
o Multi-controlled gates.

o Universality.

E. “Manny” Knill: knill@boulder.nist.gov
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Gate Set

Fundamental gates: g

Constructed gates.
« rotation around u. For appropriate choices of ¢, 6, ~:

(D= — —O—-O—-0O—

Controlled 180° rotation around u. For appropriate choices of § and v:

Controlled « rotation around . For appropriate choices of ¢ and o:

Controlled U. Choose a, v, 5 so that e‘“sU IS a « rotatlon around .
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Controlled Sign Flips

Controlled sign flips < controlled nots.
Abbreviate: X =o0,,Y =0,,Z =0,

TH—0—{+F <~ —0—
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o — (1 0
gn =0, = 0 —1

2
—|Top|Bot| —|—|TOC



Controlled Sign Flips

Controlled sign flips < controlled nots.
Abbreviate: X =o0,,Y
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Exponential forms for sgn, csgn, c*sgn.
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Controlled Sign Flips

Controlled sign flips < controlled nots.
Abbreviate: X =o0,,Y =0,,Z =0,

—— . 5=

Exponential forms for sgn, csgn, c*sgn.

o= (4 )
= o ((52))
= e (s (3 1) - (5 1))
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Controlled Sign Flips

Controlled sign flips < controlled nots.
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Controlled Sign Flips
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Controlled Sign Flips

Controlled sign flips < controlled nots.
Abbreviate: X =o0,,Y =0,,Z =0,

—— . 5=

Exponential forms for sgn, csgn, c*sgn.

sgn =0, = 2127

(AB)

csgn = exp (z )] ) (1) 7'(')
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Controlled Sign Flips

Controlled sign flips < controlled nots.
Abbreviate: X =o0,,Y =0,,Z =0,

—— . 5=

Exponential forms for sgn, csgn, c*sgn.

sgn =0, = e%(]l_z>”
(AB) - A B
csgn — exp (z ) ()] 7'(')
(A) (B)
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Controlled Sign Flips

Controlled sign flips < controlled nots.
Abbreviate: X =o0,,Y =0,,Z =0,
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Controlled Sign Flips

Controlled sign flips < controlled nots.
Abbreviate: X =o0,,Y =0,,Z =0,

—— . 5=

Exponential forms for sgn, csgn, c*sgn.

sgn =0, = ez(1-2)m

(AB)

csgn = exp (z )] (1) 7'(')

eﬁ(l—Z(M)(]l—Z(B))w

ABC .
c’sgn™ = exp (i(JLf(a]) ([L(a]) (J1a]) )
_ =22 a-7%x
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Controlled Sign Flip Implementations

Decomposition of csgn.

B) im ]l—Z(A) ]1—2(8)

A
csgn( —e4
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Controlled Sign Flip Implementations

Decomposition of csgn.
: A B _ , ‘ .
B) L ]l—Z( ) ]l—Z( ) iy | _%TZ(A) _%TZ(B) z_WZ(A) Z(B)

(A 7
csgn' ' =e —e€e4d-e e1
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Controlled Sign Flip Implementations

Decomposition of csgn.
(s (A) (B) i i (A) i (B) i (A) _(B)
8 _ JST\1-2 )\1-27) _ ., -Fz -Fz Gz Z

-

3

®
)

(A
csgn

X
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Controlled Sign Flip Implementations

Decomposition of csgn.
- (B) . x A _ix B i (A (B)

B
17T _ _
B) — e 4 -z -z — 6%16_%2 6_%2 e 4

D G-

Recall conjugation rules.

(A
csgn

A
e -t
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Controlled Sign Flip Implementations

Decomposition of csgn.
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csgn™® = ez 172 J1=2 el —TZ e~ 12 172 Z
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Recall conjugation rules.
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Decomposition of csgn.

i (A) (B) ing _in A _in B i A (B

csgn™® = ez 172 J1=2 el —TZ e~ 12 172 Z
I

Recall conjugation rules.

A

B) A) ~AB)
B — 7
D= -2

3
—|Top|Bot| —|—|TOC



Controlled Sign Flip Implementations

Decomposition of csgn.
i (A) (B) i A (B) o (A)_(B)
csgn R A 1=Z e~ 12 =12 14 4

Tl e
I g
Recall conjugation rules.
A

B —~ 7
AA e AA ﬁ}

exp (- B2M 7®)
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Controlled Sign Flip Implementations

Decomposition of csgn.

ngn _ e% 1— Z<) 1— Z() %]1 "'”Z(A) _%Z(B) i_WZ(A)Z(B)

1T

Recall conjugation rules.
A

B —~ 7
AA e AA ﬁ}

exp (— 82N Z®)
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Controlled Sign Flip Implementations

4
—|Top|Bot|—|—|TOC



Controlled Sign Flip Implementations

Decomposition of c?sgn.
" in (4 A (B) (©)
) _ =\ 1-Z 1-Z 1-Z

A
c?sgn e8
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Controlled Sign Flip Implementations

Decomposition of c?sgn.
9 (ABC) in (1- 7™ (1227 (1-24¢
c’sgn = €8

irg _iz g _iz B iz fO

= e8¢ 8 e 8 e~ '8
ir A (B) . _(A) _(C) . _(B) _(C) ir A (B) _(C)
G?Z YA 6§Z YA G?Z Z 6_?2 YA
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Controlled Sign Flip Implementations

Decomposition of c?sgn.

i (A) (B) (€)
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Controlled Sign Flip Implementations

Decomposition of c?sgn.

i (A) (B) (€)
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Controlled Sign Flip Implementations

Decomposition of c?sgn.
9 (ABC) in (1- 7™M (1227 (1-24¢
c’sgn = €8

_ AN i O

EéMé&_m(M(Q

(B), (O
Z 7
€8 €8

(A) _(B) _(C)

EZ 7777

e O

Examine:
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Controlled Sign Flip Implementations

Decomposition of c?sgn.
9 (ABC) in (1- 7™ (1227 (1-24¢
c’sgn = €8

_ AN i O

i—”Z(A)Z(B) im AN (O

(B),(©) (A),_(B), (O
Z 7
€8 €8

HZ 7777
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Examine:
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6
—|Top|Bot| —|—|TOC



Controlled Sign Flip Implementations

Decomposition of c?sgn.
9 (ABC) in (1- 7™ (1227 (1-24¢
c’sgn = €8

_ AN i O

i—”Z(A)Z(B) im AN (O

(B),(©) (A),_(B), (O
Z 7
€8 €8

HZ 7777

e O

Examine:

@, -
o PN

v TAA)  dm rAB) | i rAA) PAB)
= exp(—%)exp (% 1-Z%) (1—-2% )
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Controlled Sign Flip Implementations

Decomposition of c?sgn.
(A) (B) (C)

czsgn(ABC) _ ev\1-Z 1-Z 1-Z
ir ir A i B (O
= esleg78Z e84 e 8%
ir A B . _(A) (C) . _(B) (O . (A) _(B) (O
6§Z Z egz Z egz A4 6_?2 YARA

e O

Examine:

@r -
o

exp ( — %Z(‘A)_%Z(B.)_I_%Z(A)Z@))
= exp(—Z)exp (Z(1-2") (1-2%))
o |o)R(o] + [1)(1|(|o)Z (o] + i|1)(1]
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Controlled Sign Flip Implementations

Decomposition of c?sgn.
9 (ABC) in (1- 7™M (1227 (1-24¢
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Z 7
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Generalizing the controlled? Z implementation.
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Controlled # Unitary

Generalizing the controlled? Z implementation.

1 @ 6
00)\, 1 1 1
o), : ZY2 1 Z7Y?
10),, 1 zY2 z-12
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Controlled # Unitary

Generalizing the controlled? Z implementation.

1 @) 6
00)\, 1 1 1
o), : ZY2 1 Z7Y?
10),, 1 zY2 z-12
), - Z¥2 712 1
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Controlled # Unitary

Generalizing the controlled? Z implementation.

H @ B
00)\, 1 1 1
o), : ZY2 1 Z7Y?
10),, 1 zvz z-12
), - Z¥%2 712 1

(1) (2) (3)

Same for a unitary U with controlled-U*!/2 implementations.

o2 | |
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

algorithm

LIIIIIIIIIIIIIJ

g|AokIfPI
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

algorithm
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

OGN s [ 1 Ok to have logical
,.(] 5 3 ‘]. phases in £
~ > \/

@) o
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

OGN s [ 1 Ok to have logical
,.(] 5 3 ‘]. phases in £
~ > \/

@) o

_ ix N O i (B) (O
Cconsider e~ ® e~ 8 as AB-controlled:
A
B
C
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

1 e[ 3 Ok to have logical
EE \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ jg? phasesin£
a

@) @)

_ ix ;A SO i /B (O
Cconsider e~ ® e~ as AB-controlled:

G
C [@

(1) (2)

exp(_%znzﬁ) _ . ®
exp ( — 2 lojol 2 — 11|12 )} I @.@
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

_ (A (O L (B) ()
Considere= 84 <4 e~ %

Ok to have logical

phases in £

Z Z  as AB-controlled:

A 00

@ 00)e = Zooe  Zgoe = Zigo
B
. 162

(1) (2)

o (— 82977 = }

exp (=2 (o}l 2” — 1ix]2? ) )

Q - L
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

“““““““““““““““““““““““““““ Ok to have logical
caminm e e
[ | presesn ==

_ ix N O i (B) (O
Cconsider e~ ® e~ 8 as AB-controlled:

A 1 (@)

@ 00)ys : Zogoe  Zgoe = Zigoe
B |Ol>AB . Ziggo Zi_gp0 = 1
(D

(1) (2)

exp(—%ZUZZ)) _ . ®
exp ( — 2 lojol 2 — 11|12 )} I @.@
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

Ok to have logical

phases in £

@) @)
. ir A (O (B) _(C)
Considere= 54 <4 e~ 84 4 as AB-controlled:
A (1) (2
@ OO>AB : Zgoo Z9Oo — Z180O
B Ol>AB Zigp0 Z_g00 = 1
. [@ lO>AB Z_goo Zg()o = 1

(1) (2)

o (— 82977 = }
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

“““““““““““““““““““““““““““ Ok to have logical
caminm e e
[ | presesn ==

(A () (8),(C)

Consider e=$% 2 ¢=%%2 % as AB-controlled:
n @
00)x : Zgoo  Zigpe — Zigoo
Ol>AB Zgoo Z_goo — 1
lO>AB Z_goo Zg()o — 1
11) Z_gp0 Z_gp0 — X_qgo°
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

Ok to have logical

phases in £

(B) ()

_ (A (C)
Considere— 54 < ¢

_im
8

Z Z  as AB-controlled:

o (— 82977 = }

exp (=2 (o}l 2” — [1ix]2? ) )

(1) (2
0 Zooe  ZLgoe  — Ziso
: Zgo Z—90° — 1
. ZLi_gpo Zigge — 1
i Zigoe Ligpe — X 130
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

OGN s [ 1 Ok to have logical
,.(] 5 3 ‘]. phases in £
~ > \/

@) o

A

B
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

A A
B B ‘.
C OO @
N 1
10)p 1 Zigpe
11)s  Xisee

Ok to have logical

phases in £
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Toffoli Gate up to Control Phases

Toffoli gates often come in reversing pairs.

Two more Toffolis up to logical phases.

A A

B B S

: .% . (@5
N 1
10)p 1 Zigpe
11)s  Xisee

Ok to have logical

phases in £

I % (dsXiBolds
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Adding Controls

Add a control using an ancilla and two c?not gates.
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Adding Controls

Add a control using an ancilla and two c?not gates.

I <+ 0 0

Add multiple controls.

3

*

14

n controls: 2(n — 1) ¢?not, n — 1 ancillas, 1 cU gates.

e
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Adding Controls without Prepared Ancillas

Suppose that U? = 1.

P = =

|_
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Add multiple controls without prepared ancillas.

I%
141

11
<—|Top|Bot|—>|H>|TOC



Adding Controls without Prepared Ancillas

Suppose that U? = 1.

P = =
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Adding Controls without Prepared Ancillas

Suppose that U? = 1.

P = =

Add multiple controls without prepared ancillas.

I%
141

n controls: 4 ) + 2 c?not, 2n qubits, 2 cU gates.
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Controlled U With 0 or 1 Extra Qubit

Halving controls for U? = 1, n — 2 controls

[2=27 qubits
|22 2 | qubits

> 1 qubits

|_

12
<—| |BOt|—>|H>|TOC



Controlled U With 0 or 1 Extra Qubit

Halving controls for U? = 1, n — 2 controls

[2=27 qubits
|22 2 | qubits

> 1 qubits

UI—

n — 2 controls: 8(n — 5) ¢ not n qubits, 2 cU, 2 cnot.
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Halving controls for U? = 1, n — 2 controls

[2=27 qubits
|22 2 | qubits

UI—

> 1 qubits

n — 2 controls: 8(n — 5) ¢ not n qubits, 2 cU, 2 cnot.

Let V' be a rotation. With appropriate choice of parameters:
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12
<—|Top|Bot|—>|H>|TOC



Controlled U With 0 or 1 Extra Qubit

Halving controls for U? = 1, n — 2 controls

[2=27 qubits
|22 2 | qubits

> 1 qubits

UI—

n — 2 controls: 8(n — 5) ¢ not n qubits, 2 cU, 2 cnot.

Let V' be a rotation. With appropriate choice of parameters:

==

n — 1 controls: 16(n — 5) c?not, 8 cnot, n qubits, 4 cRot.
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Controlled U With 0 or 1 Extra Qubit

Halving controls for U? = 1, n — 2 controls

[2=27 qubits
|22 2 | qubits

> 1 qubits

UI—

n — 2 controls: 8(n — 5) ¢ not n qubits, 2 cU, 2 cnot.
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Controlled U With 0 or 1 Extra Qubit

Halving controls for U? = 1, n — 2 controls

[2=27 qubits
|22 2 | qubits

> 1 qubits

UI—

n — 2 controls: 8(n — 5) ¢ not n qubits, 2 cU, 2 cnot.

Let U be arbitrary. From before:

n qubits <

\

s

Doesd
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Controlled U With 0 or 1 Extra Qubit

Halving controls for U? = 1, n — 2 controls.

[2=27 qubits
|22 2 | qubits

\
U U

n — 2 controls: 8(n — 5) ¢ not n qubItS 2 CU 2 cnot.

Let U be arbitrary. From before:

n qubits <

\ .

e

U

n — 1 controls: 8(n — 4) c?not, 1 ancilla, 4 cnot, 1 cU.
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Controlled U With 0 or 1 Extra Qubit

Halving controls for U? = 1, n — 2 controls.

[2=27 qubits
|22 2 | qubits

\
U U

n — 2 controls: 8(n — 5) ¢ not n qubItS 2 CU 2 cnot.

Let U be arbitrary. From before:

n qubits <

\ .

e

U

n — 1 controls: 8(n — 4) c?not, 1 ancilla, 4 cnot, 1 cU.

e Time/space tradeoff?

Barenco&al 1995 [1]
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From U to Controlled U?

e Given that U™ is available, can one implement cU">?
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From U to Controlled U?

e Given that U™ is available, can one implement cU">?

o Yes, if U™ is given as a quantum network using our set of
fundamental gates.
Implementation: Convert each gate in Us network to a
gate controlled by qubit A.

e No, if U™ is given as a black box with no promises.

e Other conditions for which the answer is “yes”?

14



Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example: a = 1001 and b = 1011:
1

|l1011) — [1001)
|c) — |¢) otherwise

{|1001> —  |1011)
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010++1010++1000+>1001
Every transposition |a) < |b) is implementable.
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Universality: Permutations of Logical States

® C

*not gates implement all logical state permutations.

Proof. Consider n qubits.

=~ DN =

If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010++1010++1000+>1001

Every transposition |a) < |b) is implementable.

Example: a = o010 and b = 1001

:|oo10)
|l1010)
1|1000)
|1001)
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

=~ DN =

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010++1010++1000+>1001

Every transposition |a) < |b) is implementable.

Example: a = o010 and b = 1001

:|oo10)
1010
|1000
1001

N~ S~ ~——

)

H

2:
10010
:]1000
;11001

A

1010)

~ S~ ~——
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

=~ DN =

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010++1010++1000+>1001

Every transposition |a) < |b) is implementable.

Example: a = o010 and b = 1001

:|oo10)
1010
|1000
1001

N~ S~ ~——

)

)

H

2:
;11000
10010
;11001

B = Qo
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

=~ DN =

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010++1010++1000+>1001

Every transposition |a) < |b) is implementable.

Example: a = o010 and b = 1001

:|oo10)
1010
|1000
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)
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010++1010++1000+>1001

Every transposition |a) < |b) is implementable.

Example: a = o010 and b = 1001

=~ DN =

:|oo10)
1010
|1000
1001
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)
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010++1010++1000+>1001

Every transposition |a) < |b) is implementable.

Example' a = o010 and b = 1001:

=~ DN =

:{0010
:[1010
:[1000
:[1001

)
|
)

)

)

)

)

H

4.

2:11010
3:
1:l0010

1001)

1000

~ ~—— ~——
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Universality: Permutations of Logical States

e c’not gates implement all logical state permutations.

Proof. Consider n qubits.
If |a — b|] = 1, the transposition |a) < |b) is implementable.
Example' a =1001and b = 1011:

|1001 —  |1011)
|1011 —  |1001)
— |¢) otherwise

b can be reached from a by a sequence changing one bit at a time.
Example: a = 0010 and b = 1001: 0010+51010+>1000+>1001

Every transposition |a) < |b) is implementable.

Example: a = o010 and b = 1001

1:lo010) 4:1001)
2:|1010) )) )) « 2:1010)
3:|1000) ) 3:|1000)
4:|1001) 1:|oo10)

Every permutation is a product of transpositions.
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Universality: Unitary Operators

o Controlled® one-qubit gates implement all unitary operators.
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Universality: Unitary Operators

o Controlled® one-qubit gates implement all unitary operators.
Proof. Consider n qubits.
For a one-qubit unitary U, define the “Givens rotation” G(U, a, b) by
@) — Ugo|a) + Uro[b), [b) — Uoi|a) + U1]b) and [¢) — |c) (otherwise).

If |a — b| = 1then G(U, a,b) is implementable.

Example: a = 1011 and b = 1001:
]

N

|1011 —  Upo|r0o11)+Up1|1001)
|1001 —  Ujglro11)+U71|1011)
— |c) otherwise

w

Let P be a permutation that maps a — a’ and b — b'.
Then G(U,d’,b’) = PG(U, a,b)PT.
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Universality: Unitary Operators

o Controlled® one-qubit gates implement all unitary operators.
Proof. Consider n qubits.
For a one-qubit unitary U, define the “Givens rotation” G(U, a, b) by
@) — Ugo|a) + Uro[b), [b) — Uoi|a) + U1]b) and [¢) — |c) (otherwise).

If |a — b| = 1then G(U, a,b) is implementable.
Example: a = 1011 and b = 1001:

]

2 |1011 —  Upplro11)+Up1|1001)

3 |1001 —  Ujglro11)+U71|1011)
— |c) otherwise

Let P be a permutation that maps a — a’ and b — b'.
Then G(U,d’,b’) = PG(U, a,b)PT.
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Universality: Unitary Operators

o Controlled® one-qubit gates implement all unitary operators.

Proof. Consider n qubits.
For a one-qubit unitary U, define the “Givens rotation” G(U, a, b) by
@) — Ugo|a) + Uro[b), [b) — Uoi|a) + U1]b) and [¢) — |c) (otherwise).

If |a — b| = 1then G(U, a,b) is implementable.
Example: a = 1011 and b = 1001:

]
2 |1011 —  Upplro11)+Up1|1001)
3 |1001 —  Ujglro11)+U71|1011)
4 — |c) otherwise

Let P be a permutation that maps a — a’ and b — b'.
Then G(U,d’,b’) = PG(U, a,b)PT.

|a> i |CL> G(U_,a),b) U00|Cl>—|—U10|[l> }i{ U00|Cl/>—|—U10|b’>
|b/> |b> U01|Cl>—|-U11|b> U()1|Cl/>—|-U11|b/>

Every Givens rotation is implementable.

Every unitary operator is a product of Givens rotations.
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Givens Rotation Decomposition

Decomposing a unitary matrix by example.

M

384 .250 -.594 .661
288 -.613 .514 .526
640 .576 .485-.154
.600 -.480 -.384 -.512

384 .250 -.594 .661
288 -.613 .514 .526
640 .576 .485-.154
.600 -.480 -.384 -.512
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Givens Rotation Decomposition

Decomposing a unitary matrix by example.

M

384 .250 -.594 .661
288 -.613 .514 .526
640 .576 .485-.154
.600 -.480 -.384 -.512

.384| .250 -.594 .661
.288|-.613 .514 .526
640 .576 .485-.154
.600 -.480 -.384 -.512
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Givens Rotation Decomposition

Decomposing a unitary matrix by example.

G12 M
8 .6 .0 .0\/ .384 .250-.594 .661
-6 .8 .0 .0|| .288-.613 .514 .526
0.0 1 0] .640 576 .485-.154
.0 .0 .0 1/\ .600-.480-.384-.512

.480|-.168 -.166 .845
.0 [-.640 .768 .024
640 .576 .485-.154
.600 -.480 -.384 -.512
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Givens Rotation Decomposition

Decomposing a unitary matrix by example.

G12 M
8 .6 .0 .0\/ .384 .250-.594 .661
-6 .8 .0 .0|| .288-.613 .514 .526
0.0 1 0] .640 576 .485-.154
0 .0 .0 1/\ .600-.480-.384-.512

.480|-.168 -.166 .845
.0 -.640 .768 .024
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Givens Rotation Decomposition

Decomposing a unitary matrix by example.

GlS G12 M
6 .0.8.0 8 .6 .0 .0\/ .384 .250-.594 .661
0O 1.0.0|l-6 .8.0.0| .288-613 .514 .526
-8 .0 .6 .0 0 .0 1 .0 .640 .576 .485-.154
0.0.01 0 .0.0 1/\ .600-.480 -.384 -.512

.800| .360 .288 .384
.0 -.640 .768 .024
.0 |.480 .424 -.768
.600 -.480 -.384 -.512
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Givens Rotation Decomposition

Decomposing a unitary matrix by example.

G4 G113 G1o M
8.0.06\/.6.0.8.0\/.8.6.0.0\/.384 .250-594 .661
0100/l 01.0.0]|l-6.8.0.0]| .28-613 514 52
001.0|l-8.06.0[l . 0.01.0]| .640 576 .485-.154
6 0.0-8/\0o.0.0 1/\.0.0.0 1/\ .600-.480-.384-512

1 ]0 0 .0
| 0 -640 .768 .024
—| .0 .480 .424-768

0 | .600 .480 -.640
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Decomposing a unitary matrix by example.
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Givens Rotation Decomposition

Decomposing a unitary matrix by example.
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Universality: Resources

Consider n qubit unitary operators.
e The number of cnot and one-qubit gates needed to
Implement a unitary operator U IS
O((2")%) = 0(4™)

Vartiainen&al 2003 [2]

*...except for an exponentially small fraction according to the Haar measure.
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Universality: Resources

Consider n qubit unitary operators.
e The number of cnot and one-qubit gates needed to
Implement a unitary operator U IS
O((2")%) = 0(4™)

Vartiainen&al 2003 [2]

e There are unitary operators that require £2(4") cnot and
one-qubit gates.
Barenco&al 1995 [1]

o Almost all* unitary operators require 2*(™) cnot and
one-qubit gates to approximate U with error ¢ — ¢, where c IS
the average distance between unitary operators.

Knill 1995 [3, 4]

*...except for an exponentially small fraction according to the Haar measure.
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